Field theories based on non-commutative spacetimes exhibit very distinctive nonlocal effects which mix the ultraviolet with the infrared in bizzare ways. In particular if the time coordinate is involved in the non-commutativity the theory seems to be seriously acausal and inconsistent with conventional Hamiltonian evolution. To illustrate these effects we study the scattering of wave packets in a field theory with space/time non-commutativity. In this theory we find effects which seem to precede their causes and rigid rods which grow instead of Lorentz contract as they are boosted. Despite their pathological appearance, we find that these features are found in ordinary open string theory. An analysis of open string scattering amplitudes shows that they have all the properties expected from space/time non-commutativity. We find close connections between these amplitudes, the stringy uncertainty principle and the teleological behavior of black hole horizons.
Introduction
It is arguable that of all the fundamental principles of physics, the one we would be most reluctant to give up is the principle of causality; events must not precede their causes. The behavior of black hole horizons seems to violate this rule. A sharp example involves an infalling spherical light-like shell. The shell arrives at the origin at time t = 0 and promptly creates a singularity. But long before this, a horizon forms and begins to radiate [1] . This is typical of horizon dynamics, the horizon responds to incoming matter before it comes in. It is called the Teleological behavior of horizon evolution [2] 1 . For this reason relativists have traditionally taken the view that the horizon is not a real object and its evolution needs no causal explanation. String theorists have by and large taken the opposite view. Thus it is important to look for and analyze other effects in string theory which have a teleological character to them. As we will see, teleological behavior is closely connected with noncommutative properties of spacetime and associated uncertainty principles [3, 4, 5, 6, 7] .
Non-commutative field theory is a model of a world with non-commuting spatial coordinates (space/space non-commutativity) and in fact such field theories do arise as the description of string theory in certain backgrounds [8, 9, 10] . Non-commutative theories are very nonlocal in the non-commuting spatial directions but are quadratic in time derivatives. Nonlocality in spatial directions ruins Lorentz invariance but it is consistent with the basic rules of Hamiltonian quantum mechanics. Action at a distance may occur but events never precede their causes.
The situation is much less clear for field theories with non-commutativity between time and a space direction (space/time non-commutativity). The action is arbitrarily non-local in time with the evolution of fields at one time depending on the value of fields at both past and future times. This makes them obvious candidates for teleological behavior.
The question then is whether space/time non-commutativity can ever be realized in any consistent theory with a Hamiltonian and a unitary S-Matrix. We believe the answer is yes. For example, string theory in a background electric B µν field is manifestly unitary and space/time non-commuting [11] . Even more surprising, as we will show, ordinary open string theory without background fields has all of the behaviors expected of a theory with space/time non-commutativity.
The plan of the paper is as follows. In section 2 we describe the scattering of wave packets in non-commutative field theory. In the case of space/space non-commutativity the scattering induces a sudden spatial displacement of the wave packet in a direction orthogonal to the momentum. The magnitude of displacement is proportional to the momentum.
As expected the degree of nonlocality increases with momentum. The scattered particles behave like rigid rods oriented perpendicular to their momentum with a size proportional to their momentum [12, 13, 14] .
In the space/time case the wave packets scatter in a manner that appears to violate causality, the scattered packet appearing before the particles collide. As in the space/space case the effect increases with the momentum. Thus at very high energy the outgoing wave appears to originate long before the particles could have collided. Alternatively the particles behave like rods oriented along the direction of motion. Again the length of the rod is proportional to its momentum. This increase of length with momentum is very counterintuitive and is quite opposite to the expected Lorentz contraction.
Having defined the signatures of space/time non-commutativity, in Section 3 we proceed to give "experimental" evidence that open string Veneziano amplitudes have space/time non-commutative behavior. An analysis of these amplitudes reveals all the features expected form space/time non-commutativity. By contrast with the open string case, closed strings show no evidence of this type of behavior at tree level. This is not altogether unexpected, since non-commutativity seems to be connected with string ends. In section 4
we review an old derivation of the stringy uncertainty principle and in section 5 we discuss the relation between non-commutative behavior and the behavior of black hole horizons. In the final section we list some unanswered questions.
Scattering in Non-Commutative Field Theory
In this section we study the effect of space/space and space/time non-commutativity on the scattering of massless scalar particles. We begin with the space/space case. To illustrate the main points it is sufficient to consider 2+1 dimensional non-commutative scalar φ 4 theory in lowest order perturbation theory. The coordinates are labeled (x, y, t). Since this case is familiar we will just describe the scattering schematically. Let us consider two high energy particles moving along the x axis with spatial momentum P x . We will take the initial wave function to be
where
The important feature of the scattering amplitude for our purposes is the Moyal phase factors which take the form
where Q is the momentum transfer. We assume P x ≫ P y , Q x , Q y .
After the scattering, the scattered momentum space wave function is given by an expression of the formψ
In coordinate space
In other words the outgoing scattered wave appears to originate from the displaced position y = θP x /2.
An intuitive way to understand this effect is to think of the incident particles as extended rods oriented perpendicular to their momentum [12, 13, 14] . The size of the rods is θP and the rule is that they only interact if their ends touch. Now we turn to the more interesting case of space/time non-commutativity which we will study in much more detail. For simplicity we will work in 1 + 1 dimensions. We denote time by t and the spatial variable by x.
Let us begin by reviewing the scattering of wave packets in 1+1 dimensions. A free scalar field in 1 + 1 dimensions has the following Fourier decomposition φ(x, 0) = dp
Because of the special infrared divergences of massless 1+1 dimensional scalar fields we will work with the derivative of φ rather than φ itself:
Single particle states with momentum p are normalized as follows
Then the norm
is Lorentz invariant. The wavefunction of such a state will be defined by
Using the equation of motion for the free scalar field, we can find the wavefunction at all times.
Next, we turn on some interactions. For example, consider a commutative φ 4 interaction. We are interested in the scattering of massless scalars, in particular 2-body to 2-body scattering. For sufficiently high energies, we can use perturbation theory to calculate an S-matrix. The S-matrix takes the following form
Here, k 1 , k 2 denote the 2-momenta of the incoming particles and p 1 , p 2 the 2-momenta of the outgoing particles. The invariant amplitude iM is computed in the usual way using Feynman diagrams. For the simple case of a φ 4 interaction,
to leading order in perturbation theory. In 1 + 1 dimensions the only effect one expects to see in 2-body to 2-body scattering is time delays. Now, consider an incoming state consisting of correlated pairs of particles with opposite momenta:
with
The wavefunction of such a state is given by
where x = x 1 − x 2 is the relative separation of the two particles. There is no dependence on the center of mass position, since the overall center of mass momentum is zero. Let us also choose φ in (k) so that at the time of the collision t = 0, the wave-packet is well concentrated at x = 0. Then the incoming particles are close together at t = 0. For example, we may choose
The wavepacket is concentrated at energies closed to k 0 . The width of the packet in space is given by 1/λ 1/2 . We let λ ≪ k 2 0 and take k 0 large. At earlier times, t < 0, we can use the free equations of motion to find that the packet is concentrated at x = 2t. This means that the incoming particles are far apart in the past and they collide at t = 0.
Similarly, the outgoing state is taken to be
Therefore, we have that
Now, using the form of the matrix element < p, −p|iT |k, −k >, eq. (2.13), we find that the non-trivial part of φ out (p) is given by
Therefore, using eq. (2.17), the non-trivial part of the outgoing wavefunction can be obtained by
In the case of the φ 4 theory, we see that nothing much happens. Choose φ in (p) to be a polynomial in p times a Gaussian so that the integral converges. Then Φ in (x) is concentrated at x = 0. Since iM ∼ g, at time t = 0, the outgoing wavefunction will also be concentrated at x = 0. Therefore, there are no large time delays. Using the free equations of motion, we find that at later times the wave-packet is concentrated at x = 2t and so the outgoing particles separate in the far future.
Consider now the effect of space/time non-commutativity:
In such a case the ordinary product of functions is promoted to a * -product given by
The φ 4 Lagrangian contains now an infinite number of time derivatives from the interaction
Therefore the theory is not local in time. It is not clear that such a theory has a well defined Hamiltonian. One plus one dimensional Lorentz invariance however, is undisturbed by the non-commutativity. This is easily seen from the fact that the defining commutation
The effect of the * -product is to produce phases in the interaction vertex that depend on the energies of the particles. The tree-level scattering amplitude is now given by
where p 1 , p 2 , p 3 , p 4 are the 2-momenta of the particles satisfying
. Note that we have used conventions with all particles taken to be incoming in the vertices; i.e. energies of outgoing particles are negative. In the center of mass frame with the incoming particles (and outgoing) having equal and opposite spatial momenta, the amplitude becomes
The pattern is similar in more general non-commutative theories but depending on the spins and polarizations of the particles the periodic functions may be sines in place of cosines.
We remark that such a theory may fail to be unitary at the 1-loop level. However, let us just consider tree-level scattering amplitudes and in particular the effect of noncommutativity on the outgoing wave-packets. We choose for the incoming wave-packet φ in (p) a gaussian function:
(The extra factor of E p is added to simplify the integrals but does not change the qualitative behavior of our results.) Using eq. (2.19), we can find the outgoing wavefunction
To compute the integral, we need to calculate the following Fourier transform
We take p 0 ≫ λ 1/2 ≫ 1/p 0 θ, and also assume that λθ ≫ 1. Then, eq. (2.33) simplifies as
Then the outgoing wavefunction is given by
We see that the wave-packet splits into three parts, one concentrated at x = 8p 0 θ, one at x = 0 and the other at x = −8p 0 θ. The width of the first and third packet is given by 8λ 1/2 θ while the one concentrated at x = 0 has width 2/λ 1/2 . Therefore, the packets are well separated for p 0 ≫ λ 1/2 ≫ 1/p 0 θ. The separation of the two displaced packets is proportional to p 0 which is the energy of the particles. The bigger the energy is the bigger the separation.
The packet at x = 0 oscillates with frequency p 0 . The other two packets oscillate with phases exp
Locally, near the maxima at x = ±8p 0 θ the phases in the other two packets become exp[ip 0 (1 + 1/16λ 2 θ 2 )∆x] and so they oscillate with frequency p 0 since λθ ≫ 1. This was expected from energy conservation.
Thus the collision is described as follows: The center of mass back scattering is isomorphic to bouncing off a wall. An incoming wave packet of spatial width λ −1/2 is arranged to arrive at the wall at time t = 0. The outgoing wave consists of three terms. One term appears to originate from the wall at time t = 8p 0 θ, well after the incoming packet reached the wall. It is odd that the wave is delayed for so long a time as the energy increases but it is not acausal. A second term is neither significantly delayed or advanced. We will ignore it.
The other term is an "advanced" wave which appears to leave the wall before the incoming packet arrived. What is worse, the effect increases with energy so that the advance is proportional to the energy. This certainly seems acausal.
In itself, an advance does not violate causality. A simple non-relativistic model illustrates the point. Picture the incoming particles as rigid rods of length L. Assume the rod reflects when its leading end strikes the wall. In this case the center of mass of the rod will appear to reflect before it reaches the wall. In a Newtonian world a physicist measuring an advance would conclude that the scattering objects resembled rigid rods.
The problem with such rigid rods is that they apparently conflict with the combined constraints of causality and Lorentz invariance. In fact the required properties of the rod are completely at variance with the usual expectations of special relativity. For example one usually assumes that perfectly rigid bodies can not exit. The reason is that by suddenly displacing one end of a rod, the signal would instantly appear at the other end. Since such a rod is spacelike, this is usually thought to lead to action at a distance, nonlocality and violation of causality.
Equally peculiar is the behavior of the rods under boost. Suppose the momentum is increased. The conventional expectation is that the rod will Lorentz contract thus decreasing the advance. This is precisely the opposite of what space/time non-commutativity implies.
The rod seems to expand as its momentum increases.
Another phenomenon predicted by eq. (2.35) is that the outgoing packet is much broader than the incoming. Let the incoming packet be of spatial width λ − 1 2 . By contrast, the outgoing packet has spatial width λ 1 2 θ. In the limit we study of large λθ this is broader than the incoming packet. How is this explained?
To understand this effect we return to the rod model. The advance is of order the rod size L. If we take L = pθ then the uncertainty in the rod size is
This means that the advance is also uncertain by the same amount. This obviously broadens the outgoing packet by the required amount.
All three terms in eq. (2.35) can be interpreted in terms of the rod model. Each of the incoming rods has two ends, a leading and a trailing end. The advanced term is due to the scattering of the two leading ends while the retarded contribution originates from the interaction of the trailing ends. The interaction of a leading and a trailing end contributes the second term in eq. (2.35).
What are we to make out of this behavior? The most obvious response is to dismiss it as pathological and declare space/time non-commutativity to be unphysical. Our opinion is that this is prematurely pessimistic. The main reason is that the properties of the amplitude largely follow from the uncertainty principle implied by eq. (2.24) ∆t∆x ≥ θ.
(2.37)
This uncertainty principle has the same form as the stringy uncertainty principle [3, 5, 6, 7] ∆t∆x ≥ α ′ .
(2.38)
It therefore behooves us to inquire into the structure of string theory amplitudes to see if they produce any behavior similar to what we find in theories with space/time noncommutativity.
Scattering in Open String Theory
In this section we will show that ordinary perturbative open string scattering amplitudes at high energy have all the properties described above except more so. Let us begin with the Veneziano amplitude describing massless open string scattering. For our purposes Chan Paton factors are irrelevant so we consider an abelian theory:
The amplitude A 4 is obtained by integrating four vertex operators around the disc. We denote the two incoming particles by 1 and 2 and the two outgoing particles by 3 and 4 and let all momenta be incoming. Using Mobius invariance the vertex operators of particles 1, 2 and 3 can be put at three fixed points on the boundary of the disc -mapping it to the upper half plane these are usually taken to be z 1 = 0, z 2 = 1 and z 3 = ∞ respectively. The location of the vertex operator of particle number 4, z 4 , is then integrated over the real axis. The three terms in equation (3.1) correspond to −∞ < z 4 < 0, 1 < z 4 < ∞ and 0 < z 4 < 1 respectively. The kinematic factor K in (3.1) involves momenta and polarization vectors. The quantities s, t, u are the Mandelstam variables
satisfying the mass shell constraint s + t + u = 0, and g s , l s are the string coupling constant and length scale. We will be investigating scattering in the backward direction defined by u ∼ 0. The reader may think of the problem in a 1 + 1 dimensional context by considering open string scattering on a D1-brane (see e.g. [15] ) but the formulae are the same for any dimensional D-brane or in bulk spacetime. Setting u to zero, the amplitude at high energy takes the form
The kinematical factor K is also simple in this case. It is proportional to s 2 times products of the polarization vectors which we drop. Therefore,
We now use the identity
sin (nπy) (3.5) to write the amplitude in the form
The symbol P in eq. (3.5) means the principal part. Comparing with eq. (2.30), we see that the amplitude looks strikingly similar to the case of a non-commutative field theory.
Here, we get a sum of non-commutative phases with the identification
The effect on the outgoing wave-packet is similar to the previous example but a bit more dramatic. If we use eq. (2.23) for the same φ in (p) given in eq. (2.31), we find
For large λl 2 s , this is proportional to
with F (x; θ n , λ, p 0 ) given by eq. (2.34). We see that the outgoing wave-packet splits into a series of pairs of packets localized at x = 16p 0 πnl The interpretation is the same as before. We get a series of advanced waves that appear to originate at x = 0 at times t = −16p 0 πnl The first term in the amplitude (3.1) leads to the behavior (3.9). As explained above, it arises from the region of integration with −∞ < z 4 < 0. In this region string number 1 is adjacent to string number 4 and string 2 is adjacent to string 3. Our rod picture suggests that every string should be viewed as a rigid rod. The inner edge of string 1 collides with the inner edge of string 2 and the two bounce back as strings 4 and 3. The kinematics with all momenta incoming is such that string 4 is the backward scattered string 1 and string 3 is the backward scattered string 2. It is reassuring that the shape of the worldsheet is consistent with our rod interpretation.
Let us now relax the condition that u is exactly zero. That is, the scattering is not exactly backwards. Using s + t + u = 0 one easily finds that the for u ≈ 0 the amplitude behaves like
Since u is negative in the physical region, the amplitude vanishes for large s. This is typical of high energy scattering which vanishes like a Gaussian function of momentum except in the forward (t = 0) and backward (u = 0) directions. Note that the limit s → ∞ does not commute with the limit u → 0. Most studies of limits of the Veneziano amplitude are in the limit s → ∞ for fixed u or with fixed u/s, while we are interested in the limit u → 0 first and then perhaps s → ∞.
As a first approximation we see that for large s our effect is present only for u = 0 and vanishes for any nonzero u. This phenomenon has a simple intuitive explanation. Classically, backward scattering is associated with zero impact parameter, while nearbackward scattering probes the physics of small impact parameter. Our colliding objects look like rods with zero width. Therefore, when the impact parameter is nonzero the rods simply miss each other and do not collide. Let us analyze the near backward scattering in more detail. For small u the energy transfer is small and u ≈ − q 2 , where q is the spatial momentum transfer, and the factor exp (2ul 2 s log s) in the amplitude can be written as exp (−2 q 2 l 2 s log s). Unlike the classical picture, mentioned in the previous paragraph, where backward scattering is associated with zero impact parameter, in the quantum theory they are related by a Fourier transform; i.e. an integral over all impact parameters weighted by e i q· x . The factor exp (−2 q 2 l 2 s log s) in the amplitude allows us to deduce the effective size in the transverse directions of the scattered objects
This of course is the familiar logarithmic transverse growth characteristic of Regge behavior. We conclude that our rods have length of order l 2 s p and are rigid (hard) in the longitudinal direction, and are soft (Regge like) and of size l s √ log s in the transverse directions. Hence the name rigid Regge rods.
Space/space non-commutativity in string perturbation theory is an open string phenomenon connected with the existence of string ends. One may wonder if the same is true for the kind of space/time non-commutativity we have found. To find out we need to examine the closed string analog of eq. (3.1), the Shapiro-Virasoro amplitude. This amplitude is proportional to 
The Stringy Uncertainty Principle
In non-commutative field theory the coordinates of space do not commute. This gives rise to commutation relations between the components of space
and related uncertainty relations
The corresponding uncertainty relation for space/time non-commutativity is eq. (2.37) or (2.38). Equation (2.38) is known as the stringy uncertainty principle [3, 5, 6, 7] . There are many arguments for its validity. Here we will review the one most relevant to this paper [3] . It is based on the light cone or infinite momentum frame formulation of first quantized string theory. Begin with the usual mode sum for the transverse coordinates x
Therefore the transverse distance between the string ends is
The mean square transverse distance between the endpoints is
where l max is the frequency cutoff. Recalling that in the light cone frame, time is replaced by x + we naturally identify the frequency cutoff
and we find
Thus in the first quantized theory, the transverse size is largely insensitive to ∆x + . Now consider the longitudinal coordinate x − . For this we use the constraint equation
We can calculate (∆ − ) 2 either by using the mode sum for x as was done in [3] or just use dimensional analysis. Thought of as a quantum field, the transverse coordinates x are dimensionless. This accounts for the logarithmic transverse growth. From eq. (4.8) we see that x − has dimension 1. Therefore one finds
or, using eq. (4.6)
Recalling that x ± = t ± x, eq. (4.10) is equivalent to the uncertainty relation eq. (2.38).
Space/time Non-Commutativity and Black Holes
As we hinted in the introduction, the phenomena described in sections 2 and 3 have strong similarities with the teleological behavior of black hole horizons. We emphasize that the two situations, namely perturbative open string theory and black hole formation are analogous but take place at different scales. The perturbative phenomena are governed by non-commutativity at the string scale l s ; the black hole phenomena require non-commutativity at the Planck scale. In 3 + 1 dimensions they are related by l
Another difference between these two phenomena is the order in string perturbation theory they take place in. The effects studied in the previous sections occur at open string tree level. These do not involve any closed string exchanges, and hence are independent of gravity. The black hole phenomena and the physics of the horizon are clearly gravitational, and are higher order in the string coupling constant.
Let us consider a head on collision of two super-Planckian particles in 3+1 dimensions. Obviously a horizon of radius pl 2 p will form. What is most interesting from the present point of view is that the horizon forms long before the particle trajectories intersect. In fact if the particles are arranged to collide at time t = 0, the horizon forms at t = −pl 2 p . The initial outgoing Hawking radiation appears to originate from this advanced point. As we discussed in the introduction, this teleological behavior seems to preclude a causal description of the horizon. This issue has been analyzed a number of years ago [1] in the context of 1+1 dimensional black holes. In that reference it was demonstrated that the teleological description can be replaced by equipping each incoming particle with a gravitational "dressing" whose extension grows linearly with the energy. The dressing had the same properties as the rigid Regge rods derived in this paper.
In a similar context 't Hooft was led to propose a space/time uncertainty principle similar to eq. (2.38) but with the non-commutativity parameter θ being replaced by the Newton's constant [4] . Even more striking is 't Hooft's proposal for an S-matrix description of black holes in which he proposes an amplitude of the typical non-commutative form A = e ip in θpout (5.1) to describe the effect of incoming matter on the horizon [4] .
The non-commutativity associated with black hole horizons should be found not only in open strings but also for any kind of matter that can fall into a black hole. This includes closed strings. However, like anything else involving black holes, the physics is nonperturbative. Indeed, if, as suggested by 't Hooft, the non-commutativity parameter is the Newton's constant, which is of order g 2 s , the oscillations in eq. (5.1) are nonperturbative in the string coupling constant.
Questions
The issues discussed in this paper raise many questions which we are unable to give answers to. Here are some of them:
1. What is the proper mathematical framework for discussing space/time non-commutativity?
Is there a description in terms of a non-commutative spacetime geometry?
2. The high energy collision processes we have studied take place along a preferred collision axis. In effect they are 1 + 1 dimensional. The non-commutativity is between the two spacetime coordinates defining this collision axis. Is there a Lorentz invariant description? Do we need one?
3. How do we reconcile the rigidity and growth of Regge rods with the principles of special relativity?
4. What is the meaning of the infinite sum over θ n in eq. (3.9)? Is it associated with some sort of stringy substructure?
5. The derivation of the stringy uncertainty principle given in Section 4 can also be formulated for closed strings. Why don't closed strings exhibit any non-commutativity? Or do they?
6. What is the precise connection between the perturbative space/time non-commutativity with non-commutativity parameter l 2 s and 't Hooft's description of black holes using a non-commutativity parameter G? Is closed string non-commutativity nonperturbative and of this form?
Evidently space/time non-commutativity is a fascinating new phenomenon which deserves far more study.
